
Homework #3

November 27, 2009

The assignments are due Friday, December 4 at 11AM in class.

Exercise 1 (3pt) Prove the Lindenbaum’s Lemma: If Σ is a K-consistent set of formulas
then there is a K-maximal consistent set of formulas Σ+ such that Σ ⊆ Σ+.

Proof Let ϕ0, ϕ1, ϕ2, . . . be an enumeration of the formulas of our language. We define the
set Σ+ as the union of a chain of K-consistent sets as follows:

Σ0 = Σ

Σn+1 =
{

Σn ∪ {ϕn} if this is K-consistent
Σn ∪ {¬ϕn} otherwise

Σ+ =
⋃
n≥0

Σn

To finish the proof you need to show the following properties:

1. Σ ⊆ Σ+

2. Σ+ is K-consitent

3. Σ+ is maximal

�

Exercise 2 (5pt) Prove the valuation lemma: For any maximal K-consistent set of formulas
Γ (that is, for any node in the canonical model), for any formula ϕ:

MK ,Γ |= ϕ ⇐⇒ ϕ ∈ Γ.

Hint: induction on ϕ.

Exercise 3 (2pt) Show that the following rule is admissible in K: if `K �α∨�β, then `K α
or `K β. (Hint: K is complete)
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